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ON THE EXCEPTIONAL SPECIALIZATIONS OF BIG HEEGNER POINTS 


FRANCESC CASTELLA 


Abstract. We extend the p-adic Gross—Zagier formula of Bertolini, Darmon, and Prasanna |BDP13| 
to the semistable non-crystalline setting, and combine it with our previous work |Cas a to obtain 
a derivative formula for the specializations of Howard’s big Heegner points |How071:^ at exceptional 
primes in the Hida family. 
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Introduction 

Fix a prime p > 5, an integer A > 0 prime to p, and let / G >S' 2 (ro(Ap)) be a newform. Throughout 
this paper, we shall assume that / is split multiplicative at p, meaning that 

OO 

/(?) = 9 +withap(/) = l. 

n—2 

Fix embeddings C Q ^ Cp, let L be a finite extension of Qp containing for all n, and 

let Ol be the ring of integers of L. Since the Hp-eigenvalue of / is ap(/) = 1 by hypothesis, the form 
/ is ordinary at p, and hence there is a Hida family 

OO 

f = ^ G I[[q]] 

n—1 
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passing through /. Here I is a finite fiat extension of the power series ring Oi[[T]], which for simplicity 
in this introduction it will be assumed to be itself. Embed Z in the space Xol(^) of continuous 

Oz,-algebra homomorphisms v : I — ^ Qp by identifying k € Z with the homomorphism Vk ■ I — > Qp 
defined by 1 + T i-A (1 + The Hida family f is then uniquely caracterized by the property that 

for every k € Z >2 its weight k specialization 

OO 

ffc := 'Yl 

n—1 

gives the g-expansion of a p-ordinary p-stabilized newform S S'fc(ro(iVp)) with f 2 = /. 

Let K be an imaginary quadratic field equipped with an integral ideal fll C Ok with Ok iXt ~ Z/A^Z, 
assume that p splits in K, and write pOk ~ PP with p the prime above p induced by ip. If A is an 
elliptic curve with CM by Ok, then the pair (H,H[frtp]) defines a Heegner point Pa on Xq{Np) defined 
over the Hilbert class field H of K. Taking the image of the degree zero divisor {Pa) — (oo) under the 
composite map 

(0.1) Jo(iVp) ^ H\H, Tap( Jo(iVp))) ^ H\H, Vf) H\K, Vf) 

yields a class nj £ Sel{K, Vf) in the Selmer group for the p-adic Galois representation 

p/ : Gq := Gal(Q/Q) ^ AutiCG/) ~ GL 2 (T) 

associated to /. On the other hand, by working over a p-tower of modular curves, Howard [How07b] 
constructed a so-called big Heegner point 3o & SelGr(Ar, ) in the Selmer group for a self-dual twist 
of the big Galois representation 

Pf : Gq ^ Auti(T) ~ GL 2 (I) 

associated to f. The image of 3o under the specialization map V 2 '■ SelGr(A', T^) —^ Sel(A', Vf) induced 
by 1^2 : I —Qp yields a second class of “Heegner type” in Se\{K,Vf)-, the question of comparing Kf 
with 1^2 (3o) thus naturally arises. 

For k > 2, the question of relating the specializations r'fe(3o) to higher dimensional Heegner cycles 
was considered in |Gasl8] . In that case, one could show (see [loc.cit., (5.31)]) that 

/ kf2 — l \ 2 

(0.2) locp(z/fc(3o)) = 1 - -r) •l0Cp(KfJ, 

V Vk{&p)J 

where u := |G^|/2, locp : H^{K, Vf^) — H^{Kp, Vf^) is the localization map, and Kf^ is a class given 
by the p-adic etale Abel-Jacobi images of certain Heegner cycles on a Kuga-Sato variety of dimension 
k — 1. However, for the above newform /, the main result of |Gasl3] does not immediately yield a 
similar relation between jz 2 ( 3 o) a-nd = k/, since in loc.cit. a crucial use is made of the fact that 
the p-adic Galois representations associated with the eigenforms under consideration are (potentially) 
crystalline at p, whereas Vf is well-known to be semistable but non-crystalline at p. Moreover, it is easy 
to see that the expected relation between these two classes may not be given by the naive extension of 
(Uni) with k = 2: indeed, granted the injectivity of locp, by the Gross-Zagier formula the class loCp(/t/) 
is nonzero as long as L'{f/K, I) ^ 0, whilst (10.21) for fe = 2 would imply the vanishing of locp(i/2(3o)) 
is all cases, since 

As shown in |How07b) . the class 3o fits in compatible system of similar classes 3oo = {3ra}n>o over 
the anticyclotomic Zp-extension of AT; thus 3o might be seen as the value of 3oo at the trivial character. 
As suggested by the above discussion, in this paper we will show that the class locp(j^2(3o)) vanishes, 
and prove an “exceptional zero formula” relating its derivative at the trivial character (in a precise 
sense to be defined) to the geometric class Kf. To state the precise result, let h be the class number of 
AT, write = iTpOK, and define 

logp(CTp) 

ordp(n7p) ’ 


(0.4) 


Jfp(/,iL) :=^p(/) 
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where is the Jf-invariant of / (see [MTT861 §11.14] for example), Wp := Tp/Tp G ifp ~ Qp, and 

logp : ^ Qp is Iwasawa’s branch of the p-adic logarithm. 

Theorem. Let f G S'2(ro(iVp)) be a newform split multiplicative atp, and define Zpj^oo = {-Z^p,/,n}ra>o 
by Zpj^n ■= loCp(P2(3n)). Then Zpj^ = 0 and 

^pj,0 ~ ■ l0Cp(K/). 

In Lemma [3.101 below, we define the “derivative” Z'^ for any compatible system of classes Zoo = 
{Zn}n>o with Zq = 0. Thus the above result, which corresponds to Theorem 13.111 in the body of 
the paper, might be seen as an exceptional zero formula relating the derivative of locp(p 2 ( 3 oo)) at the 
trivial character to classical Heegner points. 

Remark 1. As suggested in [LLZ141 §8], one might view p-adic L-functions (as described in |PR00] and 
[RubOOl Ch. 8]) as “rank 0” Euler-Iwasawa systems. In this view, it is natural to expect higher rank 
Euler-Iwasawa systems to exhibit exceptional zero phenomena similar to their rank 0 counterparts. 
We would like to see the main result of this paper as an instance of this phenomenon in “rank 1”. 

Remark 2. It would be interesting to study the formulation of our main result in the framework 
afforded by Nekovaf’s theory of Selmer complexes |Nek06) . similarly as the exceptional zero conjecture 
of Mazur-Tate-Teitelbaum |MTT86j has recently been proved by Venerucci [Venlb] in the rank 1 case. 

Remark 3. The second term in the definition (10.41) is precisely the .if-invariant ^p{xk) appearing in 
the exceptional zero formula of Eerrero-Greenberg [FG79) and Gross-Koblitz [GK79) for the Kubota- 
Leopoldt p-adic L-function associated to the quadratic Dirichlet character xk corresponding to K. It 
would be interesting to find a conceptual explanation for the rather surprising appearance of ^p{xk) 
in our derivative formula; we expect this to be related to a comparison of p-adic periods (cf. [Gas 15) 1. 

The proof of the above theorem is obtained by computing in two different ways the value of a certain 
anticyclotomic p-adic L-function Lp{f) at the norm character The p-adic L-function Lp{f) is 

defined by the interpolation of the central critical values for the Rankin-Selberg convolution of / with 
the theta series attached to Hecke characters of K of infinity type (2-|-j, —j) with j > 0. The character 
Njf thus lies outside the range of interpolation of Lp(/), and via a suitable extension of the methods 
of Bertolini-Darmon-Prasanna |BDP13) to our setting, in Theorem 12.Ill we show that 

(0.5) Lp(/)(Nif) = (1 - ap(/)p-^) • (logy^(locp(K/)),w/). 

On the other hand, in |Gasl4] we constructed a two-variable p-adic L-function Lp_^(f) of the variables 
(i/, (j)) interpolating (a shift of) the p-adic L-functions Lp(ffc) for all k > 2, and established the equality 

(0.6) Lp,af) = /:^+T(iocp(3«:')), 

where is a two-variable Goleman power series map whose restriction to a certain “line” interpo¬ 

lates 

/ ^ pfc/2-i \-1 / ^ i/fc(ap) \ ^ 

V M^p)/ V J 

for all k > 2. A second evaluation of Lp(/)(Nx) should thus follow by specializing (10.61) at (i^ 2 ,l). 
However, because of the vanishing (10.31) . we may not directly specialize at (i^ 2 ,1), and we are led 

to utilize a different argument reminiscent of Greenberg-Stevens’ [GS93j . In fact, from the form of the 
p-adic multipliers appearing in the interpolation property defining we deduce a factorization 

Ap(f).Lp,5(f) = £:^+T(l0Cp(3r')) 

upon restricting (10.61) to an appropriate “line” (different from the above) passing through (i^ 2 ,1), where 
is a modification of and L'p(f) is a p-adic analytic function vanishing at that point. The 

vanishing of 2^p./,o thus follows, and exploiting the “functional equation” satisfied by 3oo, we arrive at 
the equality 

(0.7) ■ Lp(/)(Nx) = (1 - ap(/)p-i) • (log^^(Z^^^o),u;/) 

using a well-known formula for the .J5f-invariant as a logarithmic derivative of Vk{aup) at k = 2. The 
proof of our exceptional zero formula then follows by combining (10.51) and (10.71) . 
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1. Preliminaries 

For a more complete and detailed discussion of the topics that we touch upon in this section, we 
refer the reader to |Col94] and |BDP13) . 

1.1. Modular curves. Keep N and p\ N as in the Introduction, and let 

r:= ri(iV)nro(p) cSL 2 (z). 

An elliptic curve with T-level structure over a Z[l/A^]-scheme 5 is a triple {E^t,a) consisting of 

• an elliptic curve E over S\ 

• a section t : S —>■ E of the structure morphism of E/S of exact order N\ and 

• a p-isogeny a : E —> E'. 

The functor on Z[l/A^]-schemes assigning to S the set of isomorphism classes of elliptic curves 
with P-level structure over S is representable, and we let Y/7i[l/N] be the corresponding fine moduli 
scheme. The same moduli problem for generalized elliptic curves with P-level structure defines a 
smooth geometrically connected curve X/Z[1/7V] containing F as a open subscheme, and we refer to 
Zx '■= X\Y as the cuspidal subscheme of X. Removing the data of a from the above moduli problem, 
we obtain the modular curve Xi{N) of level ri(iV). 

For our later use (see esp. Theorem l2.4L recall that if a is any integer coprime to N, the rule 

(a)(A, t, a) = {E, a ■ t,a) 

defines an action of (Z/NZ)^ on X defined over Z[l/A^], and we let Xq{Np) = Xj(ZjNZ)^ be the 
quotient of X by this action. 

The special fiber Xp^ := X Fp is non-smooth. In fact, it consists of two irreducible compo¬ 

nents, denoted Cq and Coo, meeting transversally at the singular points SS. Let Frob be the absolute 
Frobenius of an elliptic curve over Fp, and Ver = Frob'^ be the Verschiebung. The maps 

"iv '■ Xi{N)yj, := Ai(Af) Xz[i/jv] Fp — Xy^ jf ■ Xi{N)f^ —>• Xy^ 

defined by sending a pair (i?,t)/F to (A, t, ker(Ver)) and (C, t, ker(Frob)) respectively, are closed 
immersions sending Xi{N)yj, isomorphically onto Cq and Coo, and mapping the supersingular points 
in Xi[N)yj, bijectively onto SS. The non-singular geometric points of Cq (resp. Coo) thus correspond 
to the moduli of triples {E,t,a) in characteristic p with ker(a) etale (resp. connected). 

Corresponding to the preceding description of Xy^, there is a covering of X as rigid analytic space 
over Qp. Consider the reduction map 

(1.1) redp:A(Cp)^AF,(Fp), 

let Wo and Woo be the inverse image of Cq and Coo, respectively, and let Zq C Wq and Zoo C Woo 
be the inverse image of their non-singular points. In the terminology of [Col89] . Wo (resp. Woo) is a 
basic wide open with underlying affinoid Zq (resp. Zoo). If x G SS, then Ax ■= red” (x) is conformal 
to an open annulus in Cp, and by definition we have 

A(Cp) = Wo U Woo = Zo U Zoo U W, 

where W = Wo H Woo = Ua;ess is the union of the supersingular annuli. 

1.2. Modular forms and cohomology. In this section, we regard the modular curve A as a scheme 
over a fixed base field F. Let £ X be the universal generalized elliptic curve with F-level structure, 
set Zx = TT~^{Zx), and consider the invertible sheaf on X given by 

w := irMl/xi^ogZx). 

The space of algebraic modular forms (resp. cusp forms) of weight k and level F defined over F is 
Mu{X-F) := H°{X,^p) (resp. 5fe(A;F) := iJ°(A,O J)), 
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where Up is the pullback of w to X Xq and I is the ideal sheaf of Zx C X. If there is no risk 
of confusion, F will be often suppressed from the notation. Alternatively, on the open modular curve 
Y a form / € Sk{X-,F) C Mk{X\F) is a rule on quadruples (if, t, a, consisting of an A-valued 

point (if, t,a) gY (A) and a differential w G O’^^r arbitrary i^-algebras A, assigning to any such 

quadruple a value f{E,tTOt,u}) G A subject to the weight k condition 

f{E, t, a, Aw) = ■ f{E, t, a, uj) for all A G , 

depending only on the isomorphism class of the quadruple, and compatible with base change of F- 
algebras. The two descriptions are related by 

f{EA,a) = f{E,t,a,uj)uj^, 

for any chosen generator w G 

There is a third way of thinking about modular forms that will be useful in the following. Consider 
the relative de Rham eohomology of EjX'. 

C :=R^tt40 fi^/^(logZx) ^ 0), 

which fits in a short exact sequence 

(1.2) 0— >ui ——^w-i—^0 

of sheaves on X and is equipped with a non-degenerate pairing 

(1.3) {,):CxC^Ox 

coming from the Hodge filtration and the Poincare pairing on the de Rham cohomology of the fibers. 
By the Kodaira-Spencer isomorphism 

cr : w®^ = Ox(logZx) 

given by ct(w 0 ly) = (w, Viy), where 

V : C — C 0 Hx(log Zx) 

is the Gauss-Manin connection, a modular form / of weight r -|- 2 and level T defines a section w/ of 
the sheaf w®'’ 0 ^\{\ogZx) by the rule 

ujf{E, t, a) := f{E, t, a, uj)uj’' 0 cr(w^). 

If / is a cusp form, then the above rule defines a section w/ of w®''0f23f, thus yielding an identification 

5,+2(a:) ~iJ°(X,w®’’0H^). 

For each r > 0, let £r ■= Sym’^E (with Eg := Ox), and define the de Rham cohomology of X (attached 
to Er) as the hypercohomology group 

(1.4) Hl^{X,Er,V) ■.= W\El-.Er^ Er®Xl\{\ogZx)). 

Twisting by the ideal sheaf X gives rise to the subcomplex £* 0l —> £*, and the weight r -|- 2 parabolic 
cohomology of X is defined by 

(1.5) Hl,,{X,Er,X) := image(Hi(/:; 0 J) ^ H^^iX, Er,X)). 

The exact sequence HH) induces the short exact sequence 

(1.6) 0 ^ HO(X,w®’-0O^) ^ H^,,{X,Er,X) H\X,uj^-^) 0, 

and hence the above assignment / >->• w/ identifies 5^+2 (A') with a subspace of F[^^^{X, Er,X). In 
addition, the pairing (US induces a non-degenerate pairing 

(1.7) (,) : Hl,,{X,Er,V) X Hl,,{X,Er,V) F 
with respect to which (11.611 is self-dual. 
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1.3. p-new forms. Consider the two degeneracy maps 

TTl,TT2 ■■ X ^ Xl{N) 

defined by sending, under the moduli interpretation, a triple {E, t, a) to the pairs {E, t) and {a{E),a{t)), 
respectively. These morphisms induce maps 

7T*„7T* : V) ^ Hl,,{X,Cr,X), 

where Hp^j.{Xi{N), Cr,V) is defined as in (11.51) using the analogous objects over Xi{N). 

Lemma 1.1. The map Trj' 0 is injective. 

Proof. This is |Col941 Prop. 4.1]. □ 

Define the p-old subspace Hp^j.{X, of Hp^j.{X, Cr,X) to be the image of tt]' 0 tt^, and 

the p-new subspace E[p^.^{X, Cr^ to be the orthogonal complement of the p-old subspace under 

the Poincare pairing ((13. The space of p-new cusp forms of weight k and level P is defined by 

Sr+2{XY-^^'^ := Sr+2{X) C Hl^^X^Cr, 
viewing Sr+ 2 {X) as subspace of Hp^j.{X, £r,V) in the form described above. 

1.4. p-adic modular forms. Recall that the Basse invariant is a modular form H over Fp of level 
1 and weight p — 1 with the property that an elliptic curve E over an Fp-algebra B is ordinary if and 
only if H{E,uj) is a unit in B for some (or equivalently, any) generator w € 

Let i? be a p-adic ring, i.e., a ring which is isomorphic to its pro-p completion. A p-adic modular 
form of tame level N and weight k defined over i? is a rule assigning to every triple [E,t,uj)/ a, over 
an arbitrary p-adic i?-algebra A, consisting of: 

• an elliptic curve E/A such that the reduction E x a A/pA is ordinary; 

• a section t : Spec(A) —E of the structure morphism of E/A of exact order N-, and 

• a differential w € 

an element f{E,t,^) € A depending only on the isomorphism class of {E,t,i^)/A, homogeneous of 
degree — fc in the third entry, and compatible with base change of p-adic i?-algebras. Let Xik{N]R) 
be the i?-module of p-adic modular forms of weight k and level N defined over R; as before, if there is 
no risk of confusion R will be often suppressed from the notation. 

Similarly as for classical modular forms, it will be convenient to think of p-adic modular forms of 
weight k as sections of the sheaf over a certain subset of the rigid analytic space A(Cp). Let Ep-i 
be the normalized Eisenstein series of weight p — 1 (recall that p > 5), and define the ordinary locus 
of Xi{N) by 

Ai(iV)”'i := {x e Xi(fV)(Cp) : |Ep_i(E„w,)|p > 1}, 
where E^/Cp is a generalized elliptic curve corresponding to x under the moduli interpretation, uj^ G 
/c ^ regular differential on E^, chosen so that it extends to a regular differential over Ocp if E^ 
has good reduction at p, or corresponds to the canonical differential on the Tate curve if x lies in the 
residue disc of a cusp, and | • |p is the absolute value on Cp normalized so that \p\p = p~^. Since Ep-i 
reduces to the Hasse invariant H modulo p, it follows that the points x G Xi{N)°’^‘^ correspond to pairs 
{Ex,tx) with Ex having ordinary reduction modulo p. Thus the assignment / i—>■ (x i—>■ f{Ex,tx,^x)^x)^ 
for any chosen generator ujx G , defines an identification 

Mk{N) ~ 7J°(Ai(Af)”‘^,w®'=). 

Let /:={uGQ: 0<v< v & I define 

XYN){v) := {x G Xi{N){Cp) : |Ep_i(A„ w,)|p > p""}. 

The space of overconvergent p-adic modular forms of weight k and tame level N is given by 

MI{N)= li^7J°(Ai(Af)(w),w®'=), 

V 

where the transition maps iJ°(Ai(A^)(n), iJ°(Ai(A^)(?;'), w®^), for v' < v in I, are given by 

restriction; since these maps are injective, M\{N) is naturally a subspace of Mk{N). 
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By the theory of the canonical subgroup (see |Kat731 Thm. 3.1]), if {Ex,tx) corresponds to a point 
X in Xi(7V)(^^), the elliptic curve admits a distinguished subgroup can(i?a;) C Ex[p] of order p 
reducing to the kernel of Frobenius in characteristic p. The rule 

{Ex^tx') ' ^ {Ex :tx: O^can}-! 

where ttcan : Ex e->• Ex/caii{Ex) is the projection, defines rigid morphism Xi{N){^^) —> Woo, and 
hence if / is a modular form of weight k and level F, then the restriction /|woo gives an overconvergent 
p-adic modular form of weight k and tame level N. 

1.5. Ordinary CM points. Let K be an imaginary quadratic field with ring of integers Ok equipped 
with a cyclic ideal fll C Ok such that 

OkI^^'ZINZ. 

Fix an elliptic curve A dehned over the Hilbert class field H oi K with End^f(H) ~ Ok having good 
reduction at the primes above p, and choose a Fi (iV)-level structure Ia £ and a regular differential 
U!A £ ^A/H- identihcation End//(7l) = Ok is normalized so that A £ Ok acts as 

A*a; = Aw for all w £ ^\/k- 

For every integer c > 1 prime to Np, let Oc = Z + cOk be the order of K of conductor c, and 
denote by Isog^ {A) the set of elliptic curves A' with CM by Oc equipped with an isogeny p : A — A' 
satisfying ker(ip) n = {0}. 

The semigroup of projective rank one Oc-modules a C Oc prime to Tin Oc acts on Isog^(H) by the 
rule 

a*{ip: A — A') = tpap : A — A' — A'^, 

where A'^ := and pn ; A' —>■ A'^ is the natural projection. It is easily seen that this induces 

an action of Pic(Oc) on Isog^(H). 

Throughout this paper, we shall assume that p = pp splits in iF, and let p be the prime of K above p 
induced by our fixed embedding ^ Cp. Thus if A' is an elliptic curve with CM by Oc defined over 
the ring class field He of K of conductor c, then A' has ordinary reduction at p, and ^'[p] C A'[p] is 
the canonical subgroup. In the following, we will let a], = cican : A' —H'/H'[p] denote the projection. 

1.6. Generalized Heegner cycles. For any r- > 0, let Wr be the Kuga-Sato variety over 

Xo :=Xi(iVp) 

obtained as the canonical desingularization of the r-fold self-product of the universal generalized elliptic 
curve over Xq, and define 

(1.8) Xc := Wr X A’', 

where A/H is the elliptic curve with CM by Ok fixed in the preceding section. 

The variety X^ is fibered over Xq, and the hber over a non-cuspidal point x associated with a pair 
{Ex Ax) is identified with E^ x W. Thus for every isogeny p : A — A' in Isog^(H), we may consider 
the cycle 

:= (F*^)-- C (W X H)’- C Xc, 

where F^ is the transpose of the graph of p, and following |BDP131 §2.3] define the generalized Heegner 
cycle associated with p by 

(1.9) A^:=exT^, 

where ex is the idempotent defined in [loc.cit., (2.1.1)] (with Xq in place of their curve C = Xi(X)). 
By [BDP131 Prop. 2.7], the cycles are homologically trivial; by abuse of notation, we shall still 
denote by A^p the classes they define in the Chow group CH'’’''^(Xr)o with rational coefficients. For 
r = 0, set 

A^ := {A'Aa') - (oo), 

where Ia' £ ^'[Xp] is a Fi(Xp)-level structure contained in H'[*llp], and oo is the cusp (Tate(g),C ap)- 
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2. A SEMISTABLE NON-CRYSTALLINE SETTING 

This section is aimed at proving Theorem l2.11l below. which extends the p-adic Gross-Zagier formula 
due Bertolini-Darmon-Prasanna |BDP13) in the good reduction case to the semistable non-crystalline 
setting. 

2.1. p-adic Abel—Jacobi maps. Let F be a finite unramified extension of Qp, denote by Of the 
ring of integers of F, and let k be the residue field. The generalized Kuga-Sato variety Xr, which was 
defined in (HH) as a scheme over Z[l/Atp], has semistable reduction at p. In other words, there exits 
a proper scheme AV over Op with generic fiber Xr Xz[i/Np] F with special fiber Xr XQp n whose 
only singularities are divisors with normal crossings. 

By the work of Hyodo-Kato |HK94) . attached to Xr there are log-crystalline cohomology groups 
-^iog-cris(‘^»’ '^Of F), which are OF-modules of finite rank equipped with a semilinear Frobenius auto¬ 
morphism $ and a linear nilpotent monodromy operator N satisfying 

ATci) = p$At. 

Moreover, for each choice of a uniformizer of Of there is a comparison isomorphism 

^log-cris('^^ F Hi^{XrlF) 

endowing the algebraic de Rham cohomology groups H^-i^{Xr/F) with the structure of filtered ($, N)- 
modules. In the following, we shall restrict our attention to the middle degree cohomology, i.e., we set 
j = 2r -I- 1. 

Let Gf := Gal(F/F) be the absolute Galois group of F, and consider the p-adic GF-representation 
given by 

K :=H^^+\Xr XfF,Qp). 

Applying Fontaine’s functor Dgt to Vr yields another filtered ($, At)-module associated to Xr- 

Theorem 2.1 (Tsuji). The p-adic Gp-representation Vr is semistable, and there is a natural isomor¬ 
phism 

D,t(K-) Hl^+\Xr/F) 

compatible with all structures. In particular, the assignment V i—Dst(^) induces an isomorphism 

Extst {Qp,Vr) ~ ExtModFCS>,N){F,Hl^+\Xr/F)). 

Here, Extst(Qp, Vr) — Fg\(F, Vr) := ker(iJ^(F, Vr) — F[^{F, IG^QpBgt)) is the group of extensions 
of the trivial representation Qp by Vr in the category of semistable p-adic GF-representations. 

The idempotent ex used in the definition (HH) of the generalized Heegner cycles acts as a 
projector on the various cohomology groups associated to the variety Xr- Let Vr{r-\-l) be the (r -|- 1)- 
st Tate twist of Vr, and consider the etale Abel-Jacobi map 

AJ®^‘ : CH’’+\Ap)o(F) ^ Extuep^^ (Qp, exK(r + 1)) = H\F,exVrir + 1)) 

constructed in [NekOO] . By [loc.cit., Thm. 3.1 (m)], the image of AJ^ lands in H^^{F, exVr{r -\- 1)), and 
hence via the comparison isomorphism (EH) it can be seen as taking values in the group 

ExtMod^($.N)(i^, exHl^+\Xr/F)ir + 1)) 

of extensions of F by the twist exH^^^{Xr/F){r -|- 1) in the category of filtered ($, A)-modules over 
F. This group admits the following explicit description. 

Lemma 2.2. Set Hr := H'^^^{Xr/F) and let n = [F : Qp]. The assignment 

where : F —> Eil'^F (resp. rfp°'° : F —> =i,n=oj ^ seetion of p compatible with filtrations 

(resp. with Frobenius and monodromy) yields an isomorphism 

ExtModF(4..Ar)(E, exHr{r F 1)) ~ exHr{r + 1)/¥i\°exHr{r F 1). 


Proof. See |IS031 Lemma 2.1], for example. 


□ 
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Define the p-adic Abel-Jacobi map 

(2.1) : CH^+i(A,)o(l^) ^ exHl^\XrlF){r + l)/Yi\^exHl^\XrlF){r + 1) 

to be the composite of with the isomorphisms of Theorem 12.11 and Lemma I^TTl Since the filtered 
pieces exH'^^{Xr/F)(r) and Vi^exH^^^{Xj./F)(r+1) are exact annihilators under the Poincare 
duality 

exHl^\Xr/F){r) x exHl^^X,/F){r + 1) ^ F, 
the target of AJj’ may be identified with the linear dual (Fir^^exF^()^^(Ar/F))^. 

Recall the coherent sheaf of Ox-modules Lr = Sym’^£ on X introduced in Section [T21 and set 

Lr^r '■= Fr ® Sym’'iLjj^(A). 

With the trivial extension of the Gauss-Manin connection V on Cr to £r,r, consider the complex 

: Cr^r Fr,r ® Dx(logZx), 

and define F[^^^{X, Cr,r,'^) as in (11.511 . By [BDP131 Prop. 2.4], we then have 

txHl^\Xr/F) Hl^,{X, Cr,r. V) = Cr, V) ® Sym'-ijiR(A/F) 

and 

YiY+hxHl'^^Xr/F) ~ ® n\) 0 Sym’-FdR(A/F). 

As a result of these identifications, we shall view the p-adic Abel-Jacobi map (EH) as a map 

(2.2) AJf : CH'’+i(A^)o(F) —^ {H°{X,u®^ 0 D^) 0 Sym’'iL]R(A/F))^. 

Moreover, if A = ex A € CH'’“''^(Ar)o(F) is the class of a cycle in the image of the idempotent ex 
supported on the fiber of Xr —> X over a point P G X(F), we see that AJi;’(A) may be computed 
using the following recipe. Consider the commutative diagram with Cartesian squares: 

0-^ F^JX, Cr,r, v)(r + 1)-^ Da-^ F-^ 0 

cIa 

0 -- Dl,,(A, Cr,r, V)(r + 1) -- Dl,,(A X P, Cr,r, V)(r + 1) -- Cr,r(C)(r) -- 0, 

where the rightmost vertical map is defined by sending 1 G F to the cycle class clp(A). Then AJp(A) 
is given by the linear functional 

AJf(A) = (-,7?a), 

where ?7 a = ?7a°^ ~ ^a°*’ •= (1) “ (1) is the “tangent vector” associated as in Lemma [2^ to the 

extension Da as filtered ($, iV)-modules, and 

(2.3) (,) :Di,,(A,£,,„V)(r) xDi,,(A,£,.„V)(r + l)^F 
is the Poincare duality. 

2.2. Rigid cohomology. Recall the rigid spaces Zoo C Woo, Zq C Wq introduced in Section [LTI Fix 
a collection of points {Pi, ..., Ft} of X(F) contained in Zoo, containing all the cusps of Zoo, and such 
that redp(Fi) ^ redp(Fj) for i ^ j. Let Wp be the automorphism of X defined in terms of moduli by 

(2.4) Wp{E, t, a) = {a{E), a{t), a'^), 

where is the isogeny dual to a, and set P* := WpPj. Then the points P* factor through Zq, and 
the set 

F:= {Fi,...,Ft,F*,...,F;} 

contains all the cusps of X. Since the points Q G S reduce to smooth points Q in the special fiber, 
the spaces D{Q) := redp^((5) are conformal to the open disc in D(0; 1) in Cp. Fix isomorphisms 
Hq : D{Q) —D(0; 1) mapping the point Q to 0, and for a collection of real numbers rg < 1 consider 
the annuli 

(2.5) 


Vq ■= [x G D{Q) : TQ < |/iq(x)|p < 1}. 
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Denote by £"f the sheaf for the rigid analytic topology on X(Cp) defined by the algebraic vector 
bundle £r,r- If V C X{Cp) is a connected wide open contained in Y (Cp), the Gauss-Manin connection 
yields a connection 

V:tG) IIv, 

and similarly as in (ED we define the i-th de Rham cohomology of V attached to by 


In particular, if V is a basic wide open, then 




£"1 (V) 0 
V£"f(V) 


and 

where d : Oy 


v) — is the space of horizontal sections of over V. For r = 0, we set 

iJi(£;,|v) = ff^(V) ■■= flWdOv, = H°{V) := 

—> fly is the differentiation map. 


In terms of the admissible cover of X(Cp) by basic wide opens described in Section [TTTl the classes 
in i?j^j^(X(Cp), £”s, V) may be represented by hypercocycles (wq, Wooi /w), where loq and Woo are £”®- 
valued differentials on Wo and Woo, respectively, and /w S £"f(W) is such that (woo —wo)|w = V/w; 
and two hypercocycles represent the same class if their difference is of the form (V/o, V/oo; (/oo —/o)|w) 
for some /o € £”f(Wo) and /oo £ £”f(Woo)- 


If V is a wide open annulus, associated with an orientation of V there is a p-adic annular residue 

(2.6) resv : fly —^ 

defined by expanding oj = ^ respect to a fixed uniformizing parameter T of 

compatible with the orientation, and setting resv(iA') := oq (see |Col89[ Lemma 2.1]). Combined with 
the natural pairing 

(,):£”s(V)x£"s(V)®O^^D^ 

induced by the Poincare duality (IE3D on Cr (extended to £r,r in the obvious manner), we obtain a 
higher p-adic annular residue map 

(2.7) Resv : £;;?(V) ® ^ <?(V)'' 

by setting 

Resv(a;)(Q;) = resv(Qf,u;) 

for every £"S-valued differential w on V and every section a G £"®(V). Since resy clearly descends to 
a map = fly/dOy —>• Cp, by composing Resy with the projection £"f(V)'^ —^ iL°(£*,,|v)'^ 

it is easily seen from the Leibniz rule that we obtain a well-defined map 

(2.8) Resy : iLi(£’^|v) ^ iL°(£;^|v)''. 

If Vq C D{Q) is the annulus attached to a non-cuspidal point Q £ 5, it will be convenient, following 
the discussion after [BDP131 Cor. 3.7], to view Resy^ as taking values on the fiber £j.,r(Q), using the 
sequence of identifications 

(2.9) = {H°{D{Q),£r,rf=°Y = CrAQY = AAQ) 

arising from “analytic continuation”, the choice of an “initial condition”, and the self-duality of CrAQ)^ 
respectively. (See loe.cit. for the case of a cusp Q £ S.) 

For a supersingular annulus Ax, the vector space iL°(£*^|^^) is equipped with a pairing 
arising from an identification (similar to (I2.9|) l with the de Rham cohomology of a supersingular 
elliptic curve in characteristic p corresponding to a: £ SS. Moreover, since H^{Ax) — Cp, the residue 
map (12.61) yields an isomorphism resyi^ : H^{Ax) —S' H°{Ax), and using a trivialization of £”fU* it 
may be extended to an isomorphism 

(2.10) Res^, : i7'(£’,UJ I?°(£;,UJ 
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(see |Col941 Prop. 7.1]). It is then easily checked that (12.811 and (12.1011 correspond to each other under 
the identification defined by (, )ax- 

Let S' be a set of points as introduced above, and define 

U D{Q)^Vq, W:=Wiuw“, 

QeSnz^ 

where Wg := WpW^, and U := X \ S. The restriction of an £r,r-valued differential on X which is 
regular on U defines a section of over U. As argued in the proof of |Col94[ Prop. 7.2], this 

yields an isomorphism 

between algebraic and rigid de Rham cohomology. 

Proposition 2.3. Let the notations be as before. 

(1) A class K € belongs to the image of Hp^j.{X, Cr^r,^) under restriction 

Hl,,{X,Cr,r,V) ^ 

if and only i/ResvQ(K) = 0 for all Q € S. 

(2) Let V be such that {U,V} is an admissible covering of X. If Kp £ L7par(A, £r,r, V) are 
represented by the hypercocycles {uju,ujv',ajunv), ivu, Vv, Vunv) respectively, with respect to 
this covering, then the value {Kaj,Hp) under the Poincare duality (12.311 is given by 

{Ku,,Kr,) = ^ ieSVQ{F^,Q,Vu), 

QeS 

where is any local primitive of ujjj on Vq, i.e., such that XF,^^q = ujjjIvq- 

Proof. The first assertion follows from the same argument as in [BDP131 Prop. 3.8], and the second 
is |Col94[ Lemma 7.1]. □ 

2.3. Coleman’s p-adic integration. In this section, we give an explicit description of the filtered 
(4), A^)-module structure on £r,r-, V), following the work of Coleman-Iovita [CllOj . We state 

the results for Cr, leaving their trivial extension to Cr,r = Lr ® Sym''i7gj^(A) to the reader. 

As recalled in Section HH for every pair {Ex,tx) corresponding to a point x G Ai(A^)(^^) there 
is a canonical p-isogeny Ocan : Ex i—>■ Ex/ccVd.{Ex), where can(i?a;) C Ex[p\ is the canonical subgroup. 
The map V : A'i(A^)(^^) —^ Ai(iV)(^^) defined in terms of moduli by 

(2.11) V{Ex,tx) = (acan(£'a:),acan(4)) 

is then a lift of the absolute Frobenius on Ai(iV)Fj,- Letting si : Ai(A^)(^^) —>• Woo be defined by 
{Ex,tx) !->■ {Ex,tx,ca.n{Ex)), and letting W(„ C Woo be the image of Ai(iV)(^^) under si, the map 
(poo defined by the commutativity of the diagram 

- — --Woo 

TTi Si 

is therefore a lift of the absolute Frobenius on Xp . 

As explained in |Col94[ p.41] (see also the more detailed discussion in [Col961 p.218]), the canonical 
subgroup yields a horizontal morphism Froo : 4>'^Er —> Cr\w^. Define the Frobenius endomorphism 
4)oo on iJ^(£*|vy_^) by the composite map 

rrUr-. ^ 

E (LrlWoc) - -^-^- 


v/:"«(Woo) 


v/:"S(w^) 



























12 


F. CASTELLA 


where the last isomorphism is given by restriction (see |Col941 Prop. 10.3]). Setting Wg := WpW'^ C 
Wo = WpWoo and (j)o := w~^(pooWp, where Wp is the automorphism of X given by (12.41) . we similarly 
define a Frobenius endomorphism $o of H^{C'\wg). 

Theorem 2.4 (Coleman). Let f = 9 + ^ ‘S'r-+ 2 (ro(A'^p)) be ap-new eigenform of weight 

r + 2 > 2, and letujf S ® 17^) C Lr,'S/) be the associated differential. Then for each 

* G {oo,0} there exists a locally analytic section of Cr on W* such that 
{i) = ujflwj and 

(ii) Ff^i, — (j)*Ff^i, is rigid analytic on W((. 

Moreover, Ff^^, is unigue modulo i7°(£*|w*)- 

Proof. This follows from the discussion in |Col941 §11]. By [loc.cit, Lemma 11.1] we have <l>oo = pUp 
on the image of 5r+2(7fin H^{£*\y\;^). Since Up = p^{p) on the former space and we have the 
relations UpUif = ap{f)ujf and {p)uif = w/ by hypothesis, it follows that the polynomial 

P(T) = 1 - 

is such that P(4>oo)([w/|woo]) = Oj and hence also P($o)([a;/|w(,]) = 0. The result thus follows from 
|Col941 Thm. 10.1]. □ 

A locally analytic section as in Theorem 12.41 is called a Coleman primitive of / on W*. 

Remark 2.5. For r > 0, the spaces iL°(£*|vy^) are trivial, and so the Coleman primitives Ff^^, are 
unique. On the other hand, for r = 0 we have ~ Cp, and so the Ff^^, are unique modulo a 

global constant on W*. 


2.4. Frobenius and monodromy. Denote by i the inclusion of any rigid subspace of X into X. 
Associated with the exact sequence of complexes of sheaves on X 


0 —> Cl 

there is a Mayer-Vietoris long exact sequence 


i*{Cl\wo) © 0, 


H°{Cl\w) ^ (X,£"8, V) 


^ -^par I VVo L)Woo ) 

-^ ^par('^*|WoUWoo) - ^ -^par {K\ w) —^ ■ ■ ■ 

in hypercohomology. By [Col941 §10] and the discussion in the preceding section, each of the non-central 
spaces in the resulting short exact sequence 

g°ar(^*|w) 


> Hl,,{X,Cr,V) ^ Hl,,,{Cl 


IWoUWo. 


"=0 


°^/3°(i?pV(>c;|wouwoo)) 
is equipped with a Frobenius endomorphism. Therefore, to define a Frobenius action on Hp^,.{X, Cr,X) 
it suffices to construct a splitting of (I2.12F 


As shown in |Col941 §A.5], this may be obtained as follows. Assume that k € Hpg^,.{X, Cr,X) is 
represented by the hypercocycle {aJo,uJoo', fw) with respect to the covering {Wo,Woo} of X. Since 
W = UxeSS"^® union of the supersingular annuli, we may write /yy = {fx}xeSS with fx G 

C^f^i^Ax). The assignment 

(2-13) Ax' -1 Fajoo Ux - -PIjo Ux “ /a: I 

where Fb* is a Coleman primitive of w* on W*, defines a horizontal section of on W, and its image 
modulo /?°(Llpar('^*lwouWoo)) is iudepeudent of the chosen (see Remark 1^31) . It is easily checked 

that s5 = id, and hence we may define a Frobenius operator $ on Hp^,.{X, Cr,X) by requiring that its 
action be compatible with the resulting splitting of (12.121) . 


On the other hand, define the monodromy operator N on Hp^^(X, Cr,X) by the composite map 




where Res^^ are the p-adic residue maps (12.101) . 
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Lemma 2.6. Let k € Cr,'V). Then: 

(i) For r > 0, N{k) = 0 (k) = 0 for all x € SS; 

(ii) For r = 0, N(k) = 0 there is C € Cp such that reSyt^(K) = C for all x € SS. 

Proof. This follows immediately from the exact sequence (12.121) and the determination of the spaces 
7/°(£*|vy,) recalled in Remark [53] □ 

By the main result of |CI10] . the operators $ and N on F[p^j.{X, Cr,X) defined above agree with 
the corresponding structures deduced from the comparison isomorphism of Theorem 1 2. II 

2.5. p-adic Gross—Zagier formula. Fix a finite extension F/Qp containing the image of the Hilbert 
class field FI of K under our fixed embedding Q ^ Cp, and let c > 1 be an integer prime to Np. 

Proposition 2.7. Let f = q+J2^=2 ^ri{f)q^ G Sr+ 2 {Lo{Np)) be ap-new eigenform of weight r+2 > 2. 
Let if : A —> A' he an isogeny in Isog^(H), let Pa' S X{F) be the point defined by (A'Aa'), and let 
be generalized Heegner cycle associated to p. Then for all a € Sym’’77jj:^(H/F), we have 

AJi 7 ’(Ap)(w/ A a) = (Fpoo(Fa') A a,clp^, (A^)), 

where Ff^oo is the Coleman primitive of lOf G ® on Woo (vanishing at oo if r = 0), 

and the pairing on the right-hand side is the natural one on Cr^r{PA')- 

Proof. Following the recipe described at the end of Section [5?T1 we have 

(2.14) AJp(A^)(cu/ Ao) = {ujf A a, 
where: 

• 77 ^°^ is a cohomology class represented by a section (still denoted 77 ^°') of £r,r ® Ll\i\ogZx) 
over U having residue 0 at the cusps, and with a simple pole at Pa' with residue clp^, (Ap); 

• 77 ^°*^ is section of over Z/t having the same residues as 77 ^°^ and satisfying iV(? 7 ^°'^) = 0 

and 

(2.15) $ 77 !°^ = 77^°*^ + VG, 

for some rigid section G of on a strict neighborhood of {Zq D Wq) U (Zqo H W^) in U. 

By the formula for the Poincare pairing in Proposition 12.31 equation (I2.14|) may be rewritten as 

(2.16) AJp(A^)(w/ A a) = ^ resv< 5 (F/.Q A a, 77 ^°' - 77 ^°'"), 

QeS 

where F/.q G £^(Vq) is an arbitrary local primitive of w/ on the annulus Vq. (Note that here we are 
using the fact that the connection V on = Cr® Sym'’i7jj^(H/F) is defined from the Gauss-Manin 
connection on Cr by extending it trivially on the second factor.) 

If Pf,oo is a Coleman primitive of w/ on Woo, then F^l^ := F/_oo — 4>*aoPf,oo is rigid analytic 
on C Woo by Theorem 12.41 and hence 

(2.17) ^ resv« (fJ^ A a, 77 ^°^’) + ^ res^, {F^l A a, 77 !°") = 0 

QesnWoo xess 

by the Residue Theorem (see |BDP131 Thm. 3.8]). Since N{ri(ff^) = 0, Lemma 1531 implies that we can 
write 77 ^°'^ = VGx for some rigid section Gx G £x^{Ax) on each supersingular annulus Ax, and hence 

d(Fji A a, Gx) = {VF^ll A a, Gx) + (fJ^ A a, 77 ^°^). 

In particular, the right-hand side in the last equality has residue 0, and hence 

(2.18) res^x(7^pL 7^ = -resA, (VFl^j^ A a,Gx), 

Plugging (12.181) into (I2.17L we arrive at 

(2.19) ^ resv« A a, 77 ^°*^) - ^ res^. (VfJ^ A a, 77 ^°^’) = 0. 

QGSnWoo xGSS 
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An entirely parallel reasoning with Wo in place of Woo yields a proof of the equality 

( 2 . 20 ) ^ = o> 

QesnWo xess 

where Ff o is a Coleman primitive of w/ on Wo, and where we used the fact that the supersingular 
annuli acquire opposite orientations with respect to Woo and Wo- Combining (12.1911 and (12.201) . we get 

(2.21) 0 = X! A a, ^ ^A°'")> 

QgS \ P / Qg5 

where denotes F^^j^ or depending on whether Q € Woo or Wo, respectively, using (j2.15l) for 
the second equality (see the argument [BDP131 p.l079]). 

Since ap(/)^ = p^, this shows that there is no contribution from 77 ^°'^ in (12.161) . On the other hand, 
since by the choice of 77 ^°^ we easily have 

resvq {Ff Q A a, 77 ^°^) = (Fy_^(PA') A a, clp^, (A^)) 

QgS 

(see IBDPl.ll Lemma 3.19]), the result follows. □ 


Let {A,tA,uJA) be the CM triple introduced in Section [T31 and let rjA S F[\^[A/F) be the class 
determined by the conditions 

X*riA=X^r]A for all A € Ok, and {ojaWa)a = ^, 

where A 1 —>■ A^ denotes the action of the non-trivial automorphism of K, and (, )a is the cup product 
pairing on F[\^{A/F). If {A'Aa'^oja') is the CM triple induced from {A^At^jJa) by an isogeny tp G 
Isog^(A), we define 77 ^/ G H\^{A'/F) by the analogous recipe. For the integers j with 0 < j < r, the 
classes defined in [BDP131 (1.4.6)] then form a basis of SyuFF[\^{A'/F). 

Lemma 2.8. Let the notations be as in Proposition Then, for eaeh 0 < j < r, we have 
AJp(A,p)(a;/ A 07^77)4“^) = deg((^)^ • (F/,oo(FaO, 

where Ff^oo is the Coleman primitive of lOf G F['^{X,uj^'" ® O^j.) on Woo (vanishing at 00 if r = 0), 
and the pairing (,)a' on the right-hand side is the natural one on Sym'^iLgj^(A'/F). 

Proof. This follows from Proposition 12.71 as in [BDP131 Lemma 3.22]. □ 


Recall that if / G S'fc(A) is a cusp form of weight k and level P, then /jwoo defines a p-adic modular 
form fp G Mk{N) of weight k and tame level N. Evaluated on a CM triple (A' Aa' ,uja') of conductor 
c prime to p, we then have 

fp{A',tA',UJA') = f{A',tA',ap,UJA'), 

where aj, : A' —A'/A'[p] is the p-isogeny defined by the canonical subgroup of A' (see Section [T3|) . 
By abuse of notation, in the following we will denote fp also by /. The map V dehned in (12.lip yields 
an operator V : M.k{N) —>■ Alfc(A) on p-adic modular forms whose effect on g-expansions is given 
by g I—>■ . Let ap{f) be the Up-eigenvalue of /, and define the p-depletion of / by 

■■=f-cir,{f)Vf 

Letting d = : M.k{N) —^ Mk+ 2 {N) be the Atkin-Serre operator, for any integer j the limit 

■- lim 

is a p-adic modular form of weight k — 2 — j and tame level N (see [Ser731 Thm. 5]). 

Lemma 2.9. Let the notation he as in Proposition \2.7\ Then for each 0 < j <r there exists a locally 
analytic p-adic modular form Gj of weight r — j and tame level N such that 

( 2 . 22 ) {Ff,,^{PA'),ujWA-;^)A' = G,iA',tA',u;A'), 

where Fy,oo is the Coleman primitive of ujf on Woo (vanishing at 00 ifr = 0), and 

(2.23) GM'^tA'^vJA') - ^^G,ip * iA',tA'WA')) = jld-^-^f^\A',tA',ajA'). 
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Proof. The construction of Gj as the “j-th component” of T/,oo is given in |BDP131 p.l083], and (12.2211 
then follows from the definition. On the the other hand, (12.2311 follows from the same calculations as 
in [loc.cit, Lemma 3.23 and Prop. 3.24]. □ 


We now relate the expression appearing in the right-hand side of Proposition 12.71 to the value of a 
certain p-adic L-function associated to /. 


Recall that {A,tA,u!A) denotes the CM triple introduced in Section [T751 and fix an elliptic curve 
Ao/Hf. with End//^(Ac) ~ Oc- The curve Aq is related to A by an isogeny po : A — Aq in Isog^(A), 
and we let (Aq, to, ujq) be the induced triple. Since we assume that p = pp splits in K, we may fix an 
isomorphism ppcx, ~ Mo[p°°] of p-divisible groups, where Ao/Oc^ is a good integral model of Aq. This 
amounts to the choice of an isomorphism i : Ao —> Gm of formal groups, and we let flp € Cp be the 
p-adic period defined by the rule 

OJq ~ Gp * UJcan, 

where Wcan '■= A ^ for the standard coordinate t on Gm- 

Finally, consider the set of algebraic Hecke characters x • ^ of conductor c, 

infinity type (fc -I- j, —j) with j > 0 (with the convention in |BDP13[ p.l089]), and such that 



where N is the norm character on Ag, and for every x S set 

(2.24) Lp(/)(x) := ^ x“^(a)N(a)"'^ • * (^o,to,Wca„)), 

[a]ePic(0„) 

and define 

iaig(/,X“^) := w{f,x)~^C{f,x,c) ■ , 

where w{f,x) and C{f,x,c) are the constants defined in |BDP131 (5.1.11)] and [loc.cit., Thm. 4.6], 
respectively, Q. is the complex period in [loc.cit., (5.1.16)], and L(f, x~^, 0) is the central critical value 
of the Rankin-Selberg L-function L(/ x 6^-i ,s) of / and the theta series of x~^- 

As explained in |BDP131 p.ll34], the set may be endowed with a natural p-adic topology, and 
we let Efc_c denote its completion. 


Theorem 2.10. The assignment x ^p(/)(x) extends to a continuous function on T,k,c o,nd satisfies 
the following interpolation property. If x ^ c infinity type {k + j, —j), with j > 0, then 


Lp{f)ix? 

^2{k-\-2j) 


(l-ap(/)x ^(p))^ • Laig(/,x \0). 


Proof. See Theorem 5.9, Proposition 5.10, and equation (5.2.4) of |BDP13j . noting that fip = 0 here, 
since / has level divisible by p. □ 


Let E)r^ be the set of algebraic Hecke characters of K of conductor c and infinity type {k—l—j, 1+j), 
with j > 0. Even though E^^ (~l E^^ = 0, any character in E))^ can be written as a limit of characters 
in E^^ (see |BDP13l p.ll37]). Thus for any x G the value Lp(/)(x) is defined by continuity. 

The next result extends the p-adic Gross-Zagier formula of |BDP13l Thm. 5.13] to the semistable 
non-crystalline setting. 

Theorem 2.11. Let f = £ Sk{To{IIp)) be ap-new eigenform of weight k = r+2 > 2, 

and suppose that x G E))^ has infinity type (r -|- 1 — j, 1 -|- j), with 0 < j < r. Then 

= (^l - ap{f)x~\p)) ■ X”^(a)N(a)-AJF(A^„,pJ(a;/Au;X^”^) 

^ [a]ePic(0,) 























16 


F. CASTELLA 


Proof. The proof of [BDP131 Prop. 5.10] shows that the expression (12.2411 extends in the obvious way 
to a character x as in the statement, yielding 

(2.25) E 

[a]GPic(C'e) 

On the other hand, by Lemma [2.91 we have 

(2.26) f^P^a * (Ao,to,wo)) = Gj{a* {Ao,to,uJo)) - -^z^Gjipa* {Ao,to,(^o)). 
Substituting (12.2611 into (I2.25L summing over [a] G Vic{Oc), and noting that 

we see that 

(2.27) = (1 - a,{f)x-\p)) • E X-'(a)N(a)i+^- ■ G,(a * (7lo,to,a.o)) 

^^P [a]ePic(C)c) 

Finally, since the isogeny (fiaPo ■ {A, —S" a* (^o,^o, wq) has degree cN(a), combining Lemma 

and Lemma 12.91 we have 

(2.28) Gj{a* (Ao,to,wo)) = c“'^N(a)”'’ • A 

and substituting (I2.28|l into (I2.27L the result follows. □ 

3. Main result 

In this section we prove the main result of this paper, giving an “exceptional zero formula” for the 
specializations of Howard’s big Heegner points at exceptional primes in the Hida family. 

3.1. Heegner points in Hida families. We begin by briefly reviewing the constructions of |How07b] . 
which we adapt to our situation, referring the reader to [loc.cit.^ §2] for further details. 

Recall that p f IV. Let / = G «5'fc(ro(lVp)) be a newform, fix a finite extension L of 

Qp with ring of integers Ol containing the Fourier coefficients of /, and let 

p/ : Gq := Gal(Q/Q) ^ Aut^Vf) ~ GL2(L) 

be the Galois representation associated to /. Also, let K = (^{\/—Dk) be an imaginary quadratic 
field as in 111.51 For the rest of this paper, these will be subject to the following further hypotheses. 

Assumptions 3.1. (1) f is ordinary at p, i.e., ip{ap{f)) is a p-adic unit; 

(2) py is absolutely irreducible; 

(3) p/ is ramified at every prime q dividing {Dk,N); 

(4) p\hx '■= |Pic(Gic)|) the class number of K. 

Note that by [How07bl Lemma 2.15], the first assumption forces the weight of / to be A: = 2, which 
will thus be assumed for the rest of this paper. 

Definition 3.2. Set Aoj. := Gi[[l+pZp]]. For any Ao^-algebra A, lei Xq^{A) be the set of continuous 
Gz,-algebra homomorphisms v : A —> such that the composition 

1+pZp^Ag^ 

is given by 7 i—>■ for some integer >2 with = 2 (mod 2{p — 1)) called the weight of u. 

Since / is ordinary at p, by |Hid86[ Cor. 1.3]) there exists a local reduced finite integral extension 
I of Aop, and a formal g-expansion f = ^ uniquely characterized by the following 

property. For every z/ G A’g^(I) of weight k^ > 2, there exists a newform f^, G Sk^{To{N)) such that 

(3A) u(f) = f^{q) - P-^U{qP), 

v{ap) 

and we there exists a unique Vf G A’^^(I) of weight 2 such that u/(f) = f{q). 
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By |Hid86l Thm. 1.2], there is a free I-module T of rank 2 equipped with a continuous action 

Pf : Gq ^ Auti(T) ^ GL2(I) 

such that for every v € p(pf) is isomorphic to the Galois representation : Gq —GL 2(Qp) 

associated to /y. Moreover, by [Wil881 Thm. 2.2.2], if C Gq is the decomposition group of any 
place tp of Q above p, there exists an exact sequence of I[Ilp]-modules 

(3.2) 0——^0 

with free of rank 1 over I, and with the Up-action on given by the unramified character 

sending an arithmetic Frobenius Fr~^ to ap G I^. 

Following [HowOTbl Def. 2.1.3], define the critical character 0 ; Gq —> by the composite 

(3.3) ^1+pZp^^^l+pZp^ A^^r, 

where Ccyc is the p-adic cyclotomic character, (•) denotes the projection to the 1-units in Zp. Let be 
the free I-module of rank 1 where Gq acts via 0“^, and set 

Tt := T 01 It 

equipped with the diagonal Galois action. Then, if for every p G (I) we let Vf^ be a representation 
space for p/^, then p(Tt) := Tt0][_i,p(I) is isomorphic to a lattice in the self-dual Tate twist Vf^{k,y/2) 
oiVf^ (see |()ht951 Thm. 1.4.3] and |NP001 (3.2.4)]). 

Let Koa be the anticyclotomic Zp-extension of K, and for each n > 0, let Kn be the subfield of Koo 
with Gal{Kn/K) ~ Z/p"Z. 

Theorem 3.3 (Howard). There is a system of “big Heegner points” 

3oo = {3n}n>0 e iP/w(i^oo,Tt) := 

n 

with the following properties. 

(1) For each n, 3n belongs to the Greenberg Selmer group SelGr(Arn, T^) of |How07bl Def. 2.4.2]. 
In particular, for every prime q of K above p, we have 

loc,(3oo) e ker {hUKoo,c,T^) i7L(i^oo.q, ^"T^)) 
for the natural map induced by (lO) . 

(2) 4/3^ denotes the image o/3oo under the action of complex conjugation, then 

3oO - ^ ’ 3oo 

for some w G {±1}- 

Proof. In the following, all the references are to [How07b] . The construction of 3oo is given in §§2.2, 3.3 
and the proof of (1) is given in Prop. 2.4.5. For the proof of (2), we need to briefly recall the definition 
of 3n- Let Hpn,+i be the ring class field of K of conduction p"+^, and note that it contains By 
Prop. 2.3.1, the “big Heegner points” Xpn+i G H^{Hpn+i,T^) safisfy Coin „+i/Hpn (Xpn+i) = Up ■ Xp^, 
and hence the classes 

(3.4) 3„ := Gp-" • Gor^^„^,/^„(Xp„+i) 

are compatible under corestriction. Denoting by r the image of a class under the action of complex 
conjugation and using Prop. 2.3.5, we find that 

(3.5) Gorff^„^,/^„(Xp.+i)"= ^ X;ir+i 

crGGal(Hp„+i/A„) 

E kU 

crGGal(Hp„+i/A„) 

= W ■ CorH^„+i/K„i^p^+^) 

for some w G {±1}- Combining (13.41) and (13.5L the result follows. □ 
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3.2. Two-variable p-adic T-functions. As in the preceding section, let / G S 2 {ro{Np)) be a new- 
form split multiplicative at p, and let f € ![[?]] be the Hida family passing through /. Recall the spaces 
of characters and 'Sk,c introduced in Section 1^31 In the following, we only consider the case c = 1, 
which will henceforth be suppressed from the notation. 

By [BDP131 Prop. 5.10] (see also Theorem 12. 101) . for every v G Xq^{1) the assignment 

X '—> Lp{f^){x) ■■= X”^(a)N(a)"J • (^o,<o,Wcan)) 

[a]ePic(C)K) 

extends to a continuous function on Efc^. Using the explicit expression for these values, it is easy 
to show the existence of a two-variable p-adic L-function interpolating Lp{fi,) for varying v. For the 
precise statement, denote hy h = hx the class number of K (which we assume is prime to p), and let 
(j)o be the unramified Hecke character defined on fractional ideals by the rule 

(3.6) </'o(a) = a/a, where (a) = o^. 

Assume that Ol contains the values of 4>o, and denote by {/po) the composition of po with the projection 
onto the Zp-free quotient of (P^, which then is valued in 1 +pZp, and define ^ : K^\A^ —by 

(3.7) e : K^\A^ Ol 1 +pZp i +pZp ^ Ag^ ^ F. 

Similarly, recall the critical character 0 : Gq —from (13.3L and define y : —>• by 

X{x) = 0(recQ(Ni^/Q(a;))), 

where recq : Ag —;► Gal(Q®''^/Q) is the geometrically normalized global reciprocity map. Let Poo := 
Gal(iXoo/A') be the Galois group of the anticyclotomic Zp-extension of AT, and denote by A’g^(roo) 
the set of continuous Gz,-algebra homomorphisms GL[[roo]] —>■ Qp induced by a character cp of the 
form (j) = (po* for some integer > 0 with = 0 (mod p — 1) called the weight of p. Finally, let 

: K^\Al QX\A^ ^ 

be the norm character of AT, and for every v G Ag^(I), let and Xl> be the composition of ^ and x 
with V, respectively. 

Theorem 3.4. The exists a continuous function Ap^^(f) on Ag^(I) x Ag^(Foo) such that for every 
V G (I) we have 

= Lp{f^){p£,^Xy'^K) 

as functions of p G Ag^(roo). 

Proof. See |Gasl41 Thm. 1.4]. (Note that if {v,p) G Xq^{I) x A’q^(Foo), then pf.uXi^^K is an unram¬ 
ified Hecke character of infinity type {k^, -|- ^^ — 1,1 — £^), thus lying in the domain of Lp{f^).) □ 

3.3. Big logarithm maps. By our assumption that pf hK, the extension Koo/K is totally ramified 
at every prime q above p; let Koo,q be the completion of K^c at the unique prime above q, and set 
Lq.oo := Gal(Aroo_c|/A'q). Even though Fq^oo may be identified with Foo, in the following it will be 
convenient to maintain the distinction between them. 

Recall the I-adic Hecke character introduced in (13.7L and let ^ : Gk —> also denote the Galois 

character defined by 

e(a) := 

where po '■ Gk —> Ol is the p-adic avatar of the Hecke character po in (13.61) . Finally, set 

T:= Tt|G^®r\ 

and for every v G Xq^ (I) denote by 14 the specialization of T at v. 

Theorem 3.5. Let q G {p,p}, define X± := ap • 0f=*=(Frq) — 1 G I and set I = I[Af/^Al^] ®Zp 2“. 
There exists an I[[rq^oo]]-l*?T'eaF map 

: i?ll(ifoo.q,^+T) ^ i[[Fq,oo]] 
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such for every 2)oo S and every G x XQ^{Tao), we have 


1 - 


^(Frq)\ ^{^p)P ^ 


^(ap) 


^^+'f{^oo){}'i4>q) — (l 2 


0;:^crHFrq) 


(log(p(2)oo)‘^),w,.), 


where log = ® (f) —^ -DdR(=^''’F',y ® cj)) is the Bloch-Kato logarithm map, 

and p(21oo)‘^ S 0 (p) is the (p-specialization of vifQaa)- 

Proof. See |Casl4l Prop. 4.3]. □ 


Remark 3.6. Fix a compatible system Coo = {Cr-}r>o of p-power roots of unity, and let Coot ^ be the 
associated basis element of F*dR(Qp(l))- In Theorem 13.51 above, uj denotes a generator of the module 

D:= (^+T(-1)0z,Z”)G«s 

which by |Och031 Lemma 3.3] is free of rank one over I. (Note that ^+T(—1) is unramified.) As 
explained in loc.cit., for each v G Xq^[T) there is a specialization map 

p* : D ^ 0Zp Qp ^ L>dR(^+I4(-l)). 

Then, letting Wj, denote the image of p*(w)0Coot~^ in I4dR(=^''’IA(—l))0T^dR(Qp(l)) — T^dR(^^IA), 
the class Wj, G DdB.{^~V*{!)) in the above interpolation formulae is defined by requiring that 

{uJ,,,LVu) = 1 

under the de Rham pairing (,) : I4dR(^^I4) x DdYi{'^~V*{!)) —FC. 

The big logarithm map C-^+f of Theorem 13.51 may not be specialized at any pair (p, 1) with v G 
Xq^{1) such that p(A±) = 0. Since such arithmetic primes are in fact the main concern in this paper, 
the following construction of an “improved” big logarithm map will be useful. 


Proposition 3.7. There exists an 1-linear map 

: iJi(Fp,.^+T) ^I0z, Qp 

such that for every 21o S and every v G we have 

V (£]^+t(19o)) ~ ~ 0-i^jpj. (log.F+v„('^(?)o)): Wj/). 

Proof. This can be shown by adapting the methods of Ochiai |Och031 §5]. Indeed, let 

C^+f : iJ 1 (ATp, .^+T) 0 Qp —^ D 0Zp Qp 

be the inverse of the map exp^ constructed in |Venl51 Prop. 3.8] (see Remark l3.6l for the definition of 
D), and define 

: iJi(Fp,.^+T) ^I0z, Qp 

by the relation C^+f{—) = C^+r^{—) ■ uj. Setting 

= (l - 0^1^) (Kp 0z, Qp, 

the result follows. □ 


Corollary 3.8. For any l^oo = {2)„}n>o € Hp„^{Koo,p, we have the factorization in I; 

^ (>C^+t(2)oo)) = >C:^+t(2)o), 
where e : I[[roo]] —> I is the augmentation map. 

Proof. Comparing the interpolation formulas in Theorem 13.51 and Proposition [231 "we see that 

1) = I. (£:^+t(2)o)) 

for every u G A^^(I); since these primes are dense in I, the corollary follows. □ 
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The proof of our main result will rely crucially on the relation found in [C as 141 §4] between the 
p-adic L-function Tp,5(f) of Theorem l3.4l and Howard’s system of big Heegner points 3oo- We conclude 
this section by briefly recalling that relation. 

By [How07bl Lemma 2.4.4], for every prime (\ oi K above p the natural map 

induced by (13.21) is injective. In light of Theorem 13.31 in the following we will thus view loCq(3oo) as 
sitting inside iL/^(i4:oo.q, 

Theorem 3.9. There is a generator co = LOf of the module ID) such that 
as functions on x Xq^IToc)- 

Proof. The construction of the basis element a; = Wf of D is deduced in [KLZISI Prop. 10.1.2] from 
Ohta’s work |OhtOOj . and it has the property that = 1, for all v G X^^{I), where ojf^ is the 

class in Fil^ZldR(lO — associated to the p-stabilized newform (13.11) : in particular, 

= w/ 

in the notations of Remark ] 3.6 1 The result is then the content of |Casl41 Thm. 4.4]. □ 


3.4. Exceptional zero formula. Let / = “"(/)'?" ^ S'2(ro(iVp)) be an ordinary newform as 

in Section l3.ll and assume in addition that / is split multiplicative at p, meaning that ap{f) = 1. 
Recall the CM triple {A,tA, ap) G X{H) introduced in Section [T31 which maps to the point Pa = 
{A, H[Dlp]) G Xo{Np) under the forgetful map X —^ Xo{Np). Let oo be any cusp of Xo{Np) rational 
over Q, and let Kf G H^{K, Vf) be the image of (Pa) — (oo) under the composite map 

(3.8) MNp){H) ^ H\H,Tap{MNp)) Qp) H^K^Vj). 

If f G I[[g]] is the Hida family passing through /, and Vf G Tq^(I) is the arithmetic prime of I such 
that r'f(f) = /, it would be natural to expect a relation between the class Kf and the specialization at 
nf of Howard’s big Heegner point 3o- As done in [HowOTal §3], one can trace through the construction 
of 3o to deduce a relation between the generic (in the sense of [loc.cit., Def. 2]) weight 2 specializations 
of 3o and the Rummer images of certain CM points. However, the arithmetic prime Vf is not generic 
in that sense, and in fact one does not expect a similar direct relation between zzj(3o) and Kf (see the 
discussion in [loc.cit., p.813]). 


In Theorem 13.Ill below we will show that in fact the localization at p of J^/(3o) vanishes, but that 
nonetheless it can be related to Kf upon taking a certain “derivative” in the following sense, where we 
let logp : ^ Qp be Iwasawa’s branch of the p-adic logarithm. 


Lemma 3.10. LetT be a free OL-module of finite rank equipped with a linear action ofGQ^, let fcoo/Qp 
be a Tip -extension, and let 7 G Gal(kao/Qp) be a topological generator. Assume that = {0}, and 

let Zoo = {Zn}n>o G -ffiw(^oo, T) be such that Zq = 0. Then there exists a unique Zl^ oo = G 

Hdikoo,T) such that 

Zoo = - 1) ■ Zdoo- 

Moreover, if rj : Gal(fcoo/Qp) — Zp is any group isomorphism, then 


Z' 


is independent of the choice of^. 


logp(p(7)) 


GHi(Qp,r[l/p]) 


Proof. Consider the module Too ■= T®o^OL^G&\{koo/Q,p)\[ equipped with the diagonal Galois action, 
where Gq^, acts on the second factor via the projection Gq^, —> Gal(fcoo/Qp). By Shapiro’s Lemma, 
we then have 


HdClp,Too)^Hl{koo,T), 
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and the assumption that = {0} implies that H^{Clp,Tac) is torsion-free. Therefore, the exact 

sequence of C>z,[[Gal(A:oo/Qp)]]-modules 


0 


induces the cohomology exact sequence 


0 


T ^ T 

OO ' oo 




T 


giving the proof of the first claim, and the second follows from an immediate calculation. □ 

Let h = Hk he the class number of K, write = ttpOk, and set Wp = TTp/Tfp G Kp ~ . Define 

(3.9) ^p{f,K)-.= ^p{f)-^p{xK), 

where ^p{f) is the ^-invariant of / (as defined in |MTT861 §11.14], for example), and 

_ logp(wp) _ 21ogp(7fp) 

"CplXifj ■— T~7 T — T 

ordp('n7p) a 

is the .jSf-invariant of the quadratic character xk associated to K (see [Gre941 §1], for example), with 
ordp the p-adic valuation on Qp with the normalization ordp(p) = 1. 

The following derivative formula is the main result of this paper. 

Theorem 3.11. Let f G 5'2(ro(A^p)) be a newform split multiplicative at p, let f G I[[?]] be the Hida 
family passing through f, let 3oo G Hj^{Kao, ) be Howard’s system of big Heegner points, and define 

Zp.f,oc ■= {Zpj^n}n>0 G Hf„^{Koo,p,^^Vf) by 

2'pJ,n '■= l0Cp(l2j:(3„)), 

where Vf G A’q^(I) is such that f = ;z/(f). Then 2^p,/,o = 0 

(3.10) z;j^p,=^pif,K)-locpiKf), 

where ^p{f,K) is the ^-invariant (10.411 . and Kf G H^(K,Vf) is the image of the degree zero divisor 
{A, T[Dlp]) — (oo) under the Rummer map (13.811 . 

Proof. By Proposition 13.71 Gorollarv l3.81 Theorem 13.91 and Theorem l3.41 respectively, we see that 


.,-11 


V^V; 


= lim 1 


= lim 1 



e3^C(Frq) 

p(ap) 

Q3^C(Frq) 


•^]^+T(loCp(3io ))(g1) 

Lp.5(f)(i.,l) 


u{a.p) 

= (l-ap(/)-')Lp(/,NK). 

Since ap{f) = 1 by hypothesis, this shows that (log(Zpj^o);w/) = 0, and the vanishing of 2^p,/,o 
follows. Now to the proof of the derivative formula (13.1011 . 

Denote by Lp^^(f)'’ the image of Lp^^(f) under the involution of i[[roo]] induced by complex conju¬ 
gation, so that Lp_.c(f)''(x) = Lp_.c(f)(x“^) for every character x of Too- One immediately checks the 
commutativity of the diagram 


IoCd 


locir 


■i?ll(ifoc.p,^+T) 

■Ffl'w(ifoo.p,^+T) 




-^ + T 


where the left and middle vertical arrows denote the action of complex conjugation. 

Define the functions 

^^p{k,t)-.= ('l-M^Hl^)Lp,af)(^fe,0‘), Cp{k,t):= ('l-fel^')Lp^j(f)(i.,,0-‘), 


■ i[[rp,oo]] 

i 

■i[[rp.oo]], 


Vk(.Sip)z 


Uk{aip)wl 
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where (f>o is the character (ESI). By the combination of Theorem 13.51 and Theorem 13.91 we then have 

and by the above diagram we also have 

By the “functional equation” satisfied by 3oo (see Theorem 13.3|1 . it follows that the function 


Cp{k, t) ■= Cp (fc, t) — wCp{k, k — 2 — t) 

vanishes identically along the “line” t = k/2—\. By [How07bl Prop. 2.3.6], the sign w is the opposite of 
the sign in the functional equation for the p-adic L-function Lp{f, s) associated to / in [MTT86j . Thus, 
if w = 1, then ords=iLp(/, s) > 2, and by [Venl51 Lemma 6.1] the right-hand side of (13.101) vanishes; 
since the vanishing of the left-hand side follows easily from the construction of ^ in Lemma 13.101 
we conclude that (I3.10|l reduces to the identify “0 = 0” when w = 1. Asa consequence, in the following 
we shall assume that w = — 1. 

Using the formula for the .J5f-invariant of / as the logarithmic derivative of Vk{ap) at fc = 2 (see 
[GS931 Thm. 3.18], for example) and noting that by definition, we find 




^-^K)L=2 


logp(7rp) 


-^1 ^^fc(ap)|fc=2 


logp(7rp) 


ip(/)(NA) 


(1-w) 


i^pif) - ^pUk)) 


Lp{f){NK) 


= -^p{f,K)-Lp{f){NK). 


Using the aforementioned vanishing of Cp{k, k/2 — 1) for the first equality, we also find 

f) 1/9 /l ?/A 

*^1(2.0) =- 2 (log(^p./.o)>^/) 

= -(1 -13"^)(iog(Z' 

and comparing (13.1111 and (|3.12ll . we arrive at the equality 

(3.13) (l-p-i)(log(Z;,/,o),a;/) =J§fp(/,if).Lp(/)(NK). 

On the other hand, letting po : ^ ^ ^ be the identity isogeny, by Theorem 12.Ill we have 

Ap(/)(N^) = (l-ap(/)p-') E (AJF(A^,^„),a;/) 

[a]ePic(C>K) 

= (1 -P“^)(log(loCp(«;/)),w/), 

which combined with (13.1311 conclndes the proof of Theorem 13.Ill □ 


Remark 3.12. It would be interesting to extend the main result of this paper to higher weights. As 
is well-known (see [11751 Thm. 3], for example), if / G Sk{TQ{Np)) is a newform with C/p-eigenvalue 
ap(/), then ap(/)^ = p^~^. Thus if fc > 2, then / has positive slope (i.e., it is not p-ordinary), and 
the extension of our Theorem 13.111 to this case would require an extension to Coleman familiefQ of 
Howard’s construction of big Heegner points in Hida families [How07b] . 
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